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Abstract
This article presents a streamlined version of the author’s original proof of the C0-inextendibility
of the maximal analytic Schwarzschild spacetime. Firstly, we deviate from the original proof by
using the result, recently established in collaboration with Galloway and Ling, that given a C0-
extension of a globally hyperbolic spacetime, one can find a timelike geodesic that leaves this
spacetime. This result much simplifies the proof of the inextendibility through the exterior region
of the Schwarzschild spacetime. Secondly, we give a more flexible and shorter argument for the
inextendibility through the interior region. Furthermore, we present a small new structural result
for the boundary of a globally hyperbolic spacetime within a C0-extension which serves as a new
and simpler starting point for the proof.
1 Introduction
This note presents a streamlined proof of the following
Theorem 1.1. The maximal analytic extension (Mmax, gmax) of the Schwarzschild spacetime is C
0-
inextendible.
The original proof of this theorem given in [4] was divided into three steps: Firstly, one assumes
that there is a C0-extension of the Schwarzschild spacetime (Mmax, gmax) and then shows that there is a
(without loss of generality) future directed and future inextendible timelike curve γ in the Schwarzschild
spacetime that can be extended to the future as a timelike curve in the C0-extension. Secondly, one
shows that the curve γ cannot lie in the exterior region of the Schwarzschild black hole and thus
leave the spacetime through timelike or null infinity. Here, one uses the future one-connectedness1
of the exterior region together with its future divergence2. Especially the property of future one-
connectedness is quite tedious to establish. Thirdly, one shows that the timelike curve γ can neither
be ultimately contained in the interior of the Schwarzschild black hole and thus leave through the
curvature singularity at r = 0. Here, one establishes that the spacelike diameter3 of a certain spherically
symmetric subset ‘touching’ the curvature singularity, is infinite. Covering this spherically symmetric
∗Department for Pure Mathematics and Mathematical Statistics, University of Cambridge, Wilberforce Road, Cam-
bridge, CB3 0WA, United Kingdom
1Recall that a time-oriented Lorentzian manifold is called future one-connected iff any two timelike curves with the
same endpoints are homotopic with fixed endpoints via timelike curves; see also Definition 2.13 of [4].
2This is the property, that for any future directed inextendible timelike curve γ : [0, 1)→M one has d(γ(0), γ(s))→∞
for s→ 1, where d is the Lorentzian distance function.
3This is a geometric quantity at the C0-level of the metric.
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subset by a finite number of charts in which the metric is suitably controlled, and which are obtained
from the assumed C0-extension, one obtains the contradiction that the spacelike diameter should be
finite. For the construction of the finitely many charts one in particular exploits the spherical symmetry
of the Schwarzschild spacetime.
The strategy of the proof given in this note deviates as follows from the original strategy: The
first step is replaced by a result established in [2], which states that given a C0-extension of a globally
hyperbolic Lorentzian manifold (M, g) there exists a (without loss of generality) future directed and
future inextendible timelike geodesic in M which has a future limit point on the boundary of M
in the extension. Applying this result to the maximal analytic Schwarzschild spacetime, one again
distinguishes the two cases of the timelike geodesic leaving through timelike/null infinity or through
the curvature singularity at r = 0. The first case is now easily ruled out using the completeness
of geodesics approaching timelike or null infinity – without the need of establishing the future one-
connectedness of the exterior. For the second case we present a new, local version of the obstruction
to C0-extensions through r = 0, which does not rely on the infinitude of the spacelike diameter of the
global spherically symmetric set constructed in [4] (which has to be covered by multiple charts), but
transfers the idea locally to a single chart. This new argument is more flexible and can be more easily
adapted to other situations; this part of the argument does not rely on spherical symmetry. We should
also point out that the proof overall still requires the future one-connectedness of the interior.
For the sake of brevity this note is not self-contained. We will often refer the reader to definitions
and results from [4]. We begin by presenting a small new structural result for C0-extensions which is
convenient to have at one’s disposal.
2 A structural result for C0-extensions
This section establishes an easy yet fundamental result on the structure of C0-extensions. We implicitly
assume that all manifolds are connected. We then recall from Section 2.3 of [4] that a C0-extension of
a smooth Lorentzian manifold (M, g) consists of a Lorentzian manifold (M˜, g˜) of the same dimension
as M , g˜ ∈ C0, together with an isometric embedding ι : M ↪→ M˜ , such that ι(M) is a proper subset of
M˜ . If no such C0-extension exists, we say that (M, g) is C0-inextendible. Finally, we recall that it is
convenient for our purposes to define a timelike curve to be a piecewise smooth curve such that, where
defined, the tangent vector is everywhere timelike and at the points of discontinuity, the left and right
sided tangent vectors are timelike and lie in the same connectedness component of the timelike cone.
We recall from Proposition 2.6 of [4] that, with this definition of timelike curve, the timelike future
and past of a point in a time-oriented Lorentzian manifold remains open even for merely continuous
metrics.
In the following we define the future (past) boundary of a time-oriented Lorentzian manifold with
respect to a C0-extension (see also Definition 2.1 in [1]).
Definition 2.1. Let (M, g) be a time-oriented Lorentzian manifold with a continuous metric and
ι : M ↪→ M˜ a C0-extension of M . The future boundary of M is the set ∂+ι(M) consisting of all
points p ∈ M˜ such that there exists a timelike curve γ˜ : [−1, 0] → M˜ such that Im(γ˜|[−1,0)) ⊆ ι(M),
γ˜(0) = p ∈ ∂ι(M), and ι−1 ◦ γ˜|[−1,0) is future directed in M .
Clearly we have ∂+ι(M) ⊆ ∂ι(M). The past boundary ∂−ι(M) is defined analogously. Moreover,
it follows from Lemma 2.17 of [4] that ∂+ι(M) ∪ ∂−ι(M) 6= ∅.
2
Figure 1 below gives a first idea of possible boundary structures. In the left Penrose-like diagram
the segment from q to r, closed at q, open at r, consists of future boundary points. The segment from
p to r, closed at p, open at r, consists of past boundary points. The boundary point r lies neither in
the future nor the past boundary. And finally all points of the open segment from p to q lie in the
future as well as in the past boundary.
The right diagram shows a C0-extension of a globally hyperbolic Lorentzian manifold. Again, the
future and past boundaries are not disjoint. Moreover, the future (past) boundary is not achronal in
the extension, nor in any small neighbourhood of the future boundary point s.
M˜ = R× R
g˜ = −dt2 + dx2
M˜ = R× S1
g˜ = −dt2 + dϕ2
p
q
r
s
Figure 1: Possible structures of the future and past boundaries
However, we have the following result for globally hyperbolic (M, g).
Proposition 2.2. Let ι : M ↪→ M˜ be a C0-extension of a globally hyperbolic Lorentzian manifold
(M, g) and let p ∈ ∂+ι(M). For every δ > 0 there exists a chart ϕ˜ : U˜ → (−ε0, ε0) × (−ε1, ε1)d,
ε0, ε1 > 0 with the following properties
i) p ∈ U˜ and ϕ˜(p) = (0, . . . , 0)
ii) |g˜µν −mµν | < δ, where mµν = diag(−1, 1, . . . , 1)
iii) There exists a Lipschitz continuous function f : (−ε1, ε1)d → (−ε0, ε0) with the following property:
{(x0, x) ∈ (−ε0, ε0)× (−ε1, ε1)d | x0 < f(x)} ⊆ ϕ˜
(
ι(M) ∩ U˜) (2.3)
and
{(x0, x) ∈ (−ε0, ε0)× (−ε1, ε1)d | x0 = f(x)} ⊆ ϕ˜
(
∂+ι(M) ∩ U˜) . (2.4)
Moreover, the set on the left hand side of (2.4), i.e. the graph of f , is achronal in (−ε0, ε0) ×
(−ε1, ε1)d.
Remark 2.5. 1. Note that the achronality of the graph of f in particular entails that any past
directed timelike curve starting below the graph of f remains below the graph of f (and thus in
ϕ˜
(
ι(M) ∩ U˜)). This will be used often.
2. As shown by the proof, given a Cauchy hypersurface Σ of M it can also be arranged that we have
in fact
{(x0, x) ∈ (−ε0, ε0)× (−ε1, ε1)d | x0 < f(x)} ⊆ ϕ˜
(
ι
(
I+(Σ,M)
) ∩ U˜) ,
Proof. Since p ∈ ∂+ι(M), there exists a timelike curve γ˜ : [−1, 0] → M˜ with Im(γ˜|[−1,0)) ⊆ ι(M)
and γ˜(0) = p ∈ ∂(ι(M)). After a possible reparametrisation of γ˜ there exists a chart ϕ˜ : U˜ →
(−ε0, ε0)× (−ε1, ε1)d such that (see also [4], Lemma 2.4)
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i) (ϕ˜ ◦ γ˜)(s) = (s, 0, . . . , 0) for s ∈ (−ε0, 0]
ii) |g˜µν −mµν | < δ
In particular δ > 0 can be chosen so small that − 12dx20 + dx21 + . . . + dx2d ≺ g˜, which means that the
light cones of the first Lorentzian metric are contained in the light cones of g˜.
Let Σ ⊆M be a Cauchy hypersurface of M and let γ := ι−1 ◦ γ˜|[−1,0). For s0 < 0 close enough to
0 we have γ(s0) ∈ I+(Σ,M). Since I+(Σ,M) is an open set, we can choose ε0, ε1 smaller, if necessary,
with −ε0 < s0 < 0, such that (−ε0, s0] × (−ε1, ε1)d ⊆ ϕ˜
(
ι(I+(Σ,M)) ∩ U˜). Furthermore, we can
assume that ε1 <
1
2ε0. Together with our choice of δ this implies in particular that for any point
x ∈ (−ε1, ε1)d the straight line connecting ( 910ε0, x) with 0 is timelike.
We now define f : (−ε1, ε1)d → (−ε0, ε0] by
f(x) = sup{s0 ∈ (−ε0, ε0) | (s, x) ∈ ϕ˜
(
ι(I+(Σ,M)) ∩ U˜) ∀s ∈ (−ε0, s0)} .
We first show that for all x ∈ (−ε1, ε1)d we have f(x) < ε0.
Assuming the negation, there exists an x0 ∈ (−ε1, ε1)d with f(x0) = ε0. It follows that ( 910ε0, x0) ∈
ϕ˜
(
ι(I+(Σ,M))∩ U˜). Let σ = (σ0, σ) : [0, 1]→ (−ε0, ε0)× (−ε1, ε1)d denote the past directed timelike
straight line from σ(0) = ( 910ε0, x0) to σ(1) = 0. We claim that σ|[0,1) maps into ϕ˜
(
ι(I+(Σ,M)) ∩ U˜).
To see this we (partially) foliate the plane
{(t, σ(s)) ∈ (−ε0, ε0)× (−ε1, ε1)d | t ≤ σ0(s), s ∈ (0, 1]}
by the (closed) straight lines ρτ starting at (τ, x0) with slope (
9
10ε0,−x0) and ending on σ. It follows
from the openness of ϕ˜
(
ι(M) ∩ U˜) that there is a − 910ε0 < τ ′ < 910ε0 such that
ρτ ⊆ ϕ˜
(
ι(M) ∩ U˜) holds ∀τ ∈ (τ ′, 9
10
ε0) . (2.6)
Let τ0 ∈ [− 910ε0, 910ε0) be the infimum over all such τ ′ with the property (2.6). We first remark that
for τ ∈ (τ0, 910ε0) we have ρτ ⊆ ϕ˜
(
ι(I+(M,Σ))∩ U˜). Assuming that τ0 > − 910ε0, there exists a point q
on ρτ0 with q /∈ ϕ˜
(
ι(M)∩ U˜). This however allows us to construct a past directed timelike curve in M
which is past inextendible and completely contained in I+(Σ,M), see Figure 2. This is a contradiction
to Σ being a Cauchy hypersurface of M , and thus we obtain τ0 = − 910ε0. This shows that σ|[0,1) maps
into ϕ˜
(
ι(I+(Σ,M)) ∩ U˜).
Again, the curve σ|[0,1) corresponds to a past directed timelike curve in M which is past inextendible
and completely contained in I+(Σ,M) – a contradiction. We thus obtain f(x) < ε0 for all x ∈
(−ε1, ε1)d.
The properties (2.3) and (2.4) are immediate. To show that the function f is continuous we use a
similar construction as before: Let xn ∈ (−ε1, ε1)d be a sequence with xn → x∞ ∈ (−ε1, ε1)d. Assume
that f(xn) 6→ f(x∞). Then there exists a µ > 0 and a subsequence nk such that |f(xnk)−f(x∞)| > µ.
After possibly extracting another subsequence we assume f(xnk) > f(x∞) + µ; the case f(xnk) <
f(x∞)−µ is dealt with analogously. For k big enough we can connect (f(xnk)− µ2 , xnk) to (f(x∞), x∞)
by a straight line that is timelike and past directed. Again, we call this line σ and proceed from here
along the same lines as before in order to show that σ (with the past endpoint (f(x∞), x∞) deleted)
corresponds to a past directed and past inextendible timelike curve in M which lies completely in
I+(Σ,M). This is again a contradiction. Indeed, this argument, together with the uniform bounds on
the metric components g˜µν also shows that f satisfies a Lipschitz condition.
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ε1
ε0
x0
σ
ρτ
ρτ0
q
Figure 2: The continuity argument
In order to show that the graph of f is achronal in (−ε0, ε0)× (−ε1, ε1)d, we first observe that we
have in fact shown
{(x0, x) ∈ (ε0, ε0)× (−ε1, ε1)d | x0 < f(x)} ⊆ ϕ˜
(
ι
(
I+(Σ,M)
) ∩ U˜) .
Given now two points q, r in the graph of f with r ∈ I+(q, (−ε0, ε0)×(−ε1, ε1)d), we can move r down a
bit in the x0 coordinate to obtain a point which lies in I
+(q, (−ε0, ε0)×(−ε1, ε1)d)∩ϕ˜
(
ι
(
I+(Σ,M)
)∩U˜).
It follows that we can again find a past directed and past inextendible timelike curve in M which lies
completely in I+(Σ,M). This finishes the proof.
Remark 2.7. The proof would simplify drastically if one knew that one can find a neighbourhood of
p in M˜ that is disjoint from a Cauchy hypersurface of M . In general this is however not the case as
illustrated by the point s in Figure 1 and we need to resort to the construction illustrated in Figure 2
in order to ensure that the past directed timelike curve σ remains in I+(Σ,M) and does not intersect
the Cauchy hypersurface Σ.
3 Auxiliary results
The following theorem was proven in [2].
Theorem 3.1. Let (M, g) be a globally hyperbolic Lorentzian manifold and ι : M ↪→ M˜ a C0-extension.
Assume that ∂+ι(M) 6= ∅. Then there exists a future directed timelike geodesic τ : [−1, 0) → M that
is future inextendible in M and such that lims→0(ι ◦ τ)(s) exists and is contained in ∂ι(M).
In fact, the proof in [2] together with Proposition 2.2 gives
Theorem 3.2. Let (M, g) be a globally hyperbolic Lorentzian manifold and ι : M ↪→ M˜ a C0-extension.
Assume that ∂+ι(M) 6= ∅ and let p ∈ ∂+ι(M). Let ϕ˜ : U˜ → (−ε0, ε0) × (−ε1, ε1)d be a chart around
p as in Proposition 2.2. Then there exists a future directed timelike geodesic τ : [−1, 0) → M that is
future inextendible in M and such that ϕ˜ ◦ ι ◦ τ : [−1, 0)→ (−ε0, ε0)× (−ε1, ε1)d maps into {(s, x) ∈
(−ε0, ε0)× (−ε1, ε1)d | s < f(x)} and has an endpoint on {(s, x) ∈ (−ε0, ε0)× (−ε1, ε1)d | s = f(x)}.
In particular, Theorem 3.2 improves on Theorem 3.1 by guaranteeing that the future endpoint of
ι ◦ τ is contained in the future boundary of M .
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We recall from Section 4.1 of [4] the definition of the interior (Mint, gint) of the d + 1-dimensional
Schwarzschild spacetime, where Mint := R×
(
0, (2m)
1
d−2
)× Sd−1 and
gint = −
(
1− 2m
rd−2
)
dt2 +
(
1− 2m
rd−2
)−1
dr2 + r2 γ˚d−1 .
Here, d ∈ N≥3, (t, r) are the standard coordinates on the first two factors of Mint, m > 0 is a parameter,
and γ˚d−1 denotes the standard round metric on Sd−1. We define a time-orientation on (Mint, gint) by
stipulating that − ∂∂r is future directed. For the definition of the d + 1-dimensional maximal analytic
Schwarzschild spacetime (Mmax, gmax) we refer the reader to Section 4.1 of [4].
We need the following facts about the Schwarzschild spacetime:
Theorem 3.3. Let τ : [−1, 0) → Mmax be a future directed and future inextendible timelike geodesic
(not necessarily affinely parametrised) in the maximal analytic Schwarzschild spacetime. Then we
either have (r ◦ τ)(s)→ 0 for s→ 0 or τ is future complete.
For the proof of this theorem see for example Proposition 36 in Chapter 13 of [3]. The next two
results were proven in Section 6 of [4].
Lemma 3.4. Let 0 < r0 < (2m)
1
d−2 . For every ε > 0 we can find 0 < r˜0 < r0 such that for any
future directed timelike curve σ : (−r0, 0)→Mint, σ(s) =
(
σt(s),−s, σω(s)
)
, where σω is the canonical
projection of σ on the sphere Sd−1, we have for all −r˜0 ≤ s, s′ < 0
dSd−1
(
σω(s), σω(s
′)
)
< ε and |σt(s)− σt(s′)| < ε .
Note that this lemma implies, in particular, that σt(s) and σω(s) converge for s ↗ 0. We include
its proof here because part of it will be referred to later on.
Proof. Let σ : (−r0, 0) → Mint be a timelike curve, parametrised as above. We obtain for all s ∈
(−r0, 0)
0 > gint(σ˙(s), σ˙(s)) = −
(
1− 2m
(−s)d−2
)
(σ˙t(s))
2 +
(
1− 2m
(−s)d−2
)−1
+ s2 γ˚d−1
(
σ˙ω(s), σ˙ω(s)
)
and hence
(−s)d−2
2m− (−s)d−2 >
2m− (−s)d−2
(−s)d−2 (σ˙t(s))
2︸ ︷︷ ︸
≥0
+ s2 γ˚d−1
(
σ˙ω(s), σ˙ω(s)
)︸ ︷︷ ︸
≥0
.
It follows that
|σ˙t(s)| < (−s)
d−2
2m− (−s)d−2 (3.5)
and
||σ˙ω(s)||Sd−1 <
(−s)d/2−2[
2m− (−s)d−2]1/2
holds for all s ∈ (−r0, 0). Since d ≥ 3, it follows that both upper bounds are integrable on (−r0, 0).
The lemma now follows from integration.
Proposition 3.6. The interior of the Schwarzschild spacetime (Mint, gint) is future one-connected.
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4 The proof of the C0-inextendibility of the Schwarzschild
spacetime
Proof of Theorem 1.1: The proof is by contradiction, so we assume that there exists a C0-extension
ι : Mmax ↪→ M˜ of the maximal analytic Schwarzschild spacetime (Mmax, gmax). We recall that Lemma
2.17 of [4] implies that ∂+ι(Mmax) ∪ ∂−ι(Mmax) 6= ∅. Without loss of generality we assume that
∂+ι(Mmax) 6= ∅, otherwise we reverse the time orientation. By Theorem 3.2 there is a chart ϕ˜ : U˜ →
(−ε0, ε0) × (−ε1, ε1)d, ε0, ε1 > 0, and a future directed timelike geodesic τ : [−1, 0) → Mmax that is
future inextendible in Mmax with the following properties:
i) |g˜µν −mµν | < δ0 (where δ0 > 0 is fixed below).
ii) There exists a Lipschitz continuous function f : (−ε1, ε1)d → (−ε0, ε0) with the following property:
{(x0, x) ∈ (−ε0, ε0)× (−ε1, ε1)d | x0 < f(x)} ⊆ ϕ˜
(
ι(Mmax) ∩ U˜
)
(4.1)
and
{(x0, x) ∈ (−ε0, ε0)× (−ε1, ε1)d | x0 = f(x)} ⊆ ϕ˜
(
∂+ι(Mmax) ∩ U˜
)
. (4.2)
Moreover, the graph of f is achronal in U˜ .
iii) ϕ˜ ◦ ι ◦ τ : [−1, 0)→ (−ε0, ε0)× (−ε1, ε1)d maps into {(x0, x) ∈ (−ε0, ε0)× (−ε1, ε1)d | x0 < f(x)}
and lims→0(ϕ˜ ◦ ι ◦ τ)(s) = (0, . . . , 0).4
We will also introduce the abbreviation Rε0,ε1 := (−ε0, ε0) × (−ε1, ε1)d. Let 0 < a < 1 and let
< ·, · >Rd+1 denote the Euclidean inner product on Rd+1 and | · |Rd+1 the associated norm. We
introduce the following notation:
• C+a :=
{
X ∈ Rd+1 | <X,e0>Rd+1|X|Rd+1 > a
}
• C−a :=
{
X ∈ Rd+1 | <X,e0>Rd+1|X|Rd+1 < −a
}
• Cca :=
{
X ∈ Rd+1 | − a < <X,e0>Rd+1|X|Rd+1 < a
}
.
Here, C+a is the forward cone of vectors which form an angle of less than cos
−1(a) with the x0-axis,
and C−a is the corresponding backwards cone. In Minkowski space, the forward and backward cones
of timelike vectors correspond to the value a = cos(pi4 ) =
1√
2
.
Since 58 <
1√
2
< 56 , we can now choose δ0 > 0 such that in the chart ϕ˜ from above all vectors in
C+5/6 are future directed timelike, all vectors in C
−
5/6 are past directed timelike, and all vectors in C
c
5/8
are spacelike. It is straightforward then to prove5 the following estimates for x ∈ Rε0,ε1 :(
x+ C+5/6
) ∩Rε0,ε1 ⊆ I+(x,Rε0,ε1) ⊆ (x+ C+5/8) ∩Rε0,ε1(
x+ C−5/6
) ∩Rε0,ε1 ⊆ I−(x,Rε0,ε1) ⊆ (x+ C−5/8) ∩Rε0,ε1 . (4.3)
By Theorem 3.3 the future directed timelike geodesic τ : [−1, 0) → Mmax is either future complete
(i.e., it ‘leaves through the exterior’) or (r ◦ τ)(s) → 0 holds for s → 0 (i.e., it ‘leaves through the
interior’). We first show that it cannot leave through the exterior.
4This can be guaranteed after recentering the chart.
5See also [4], Step 1.2 of the proof of Theorem 3.1.
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In order to ease notation we also denote ϕ˜ ◦ ι ◦ τ in the following by τ . Since τ˙(s) ∈ C+5/8 for all
s ∈ [−1, 0), we have dx0
(
τ˙(s)
)
> 0. It follows that we can reparametrise τ so that we can assume
without loss of generality that τ : [−s0, 0)→ Rε0,ε1 is given by τ(s) =
(
s, τ(s)
)
, where −s0 ∈ (−ε0, 0).
From τ˙(s) ∈ C+5/8 for all s ∈ [−s0, 0), it follows that
5
8
<
< τ˙(s), e0 >Rd+1
|τ˙(s)|Rd+1
=
1√
1 + |τ˙(s)|Rd
.
Hence, we obtain |τ˙(s)|Rd <
√
39
5 for all s ∈ [−s0, 0). Together with the uniform bound on the metric
components i), it now follows that
0∫
−s0
√
−g˜(τ˙(s), τ˙(s)) ds = 0∫
−s0
√√√√−[g˜00 + 2 d∑
i=1
g˜0iτ˙ i(s) +
d∑
i,j=1
g˜ij τ˙ i(s)τ˙ j(s)
]
ds ≤ C <∞ .
Thus, τ is not future complete. We are left with the possibility that τ leaves through the interior,
i.e., (r◦τ)(s)→ 0 holds for s→ 0. In the following we will also derive a contradiction from this premiss.
We consider the curve γ˜ : (−ε0, 0] → M˜ which is given in the chart ϕ˜ by (−ε0, 0] 3 s 7→ (s, 0, . . . , 0)
and we set γ := ι−1 ◦ γ˜|(−ε0,0), which is a future directed and future inextendible timelike curve in
Mmax. We claim that (r ◦ γ)(s)→ 0 for s→ 0. To see this, we observe that by Proposition 2.6 of [4]
I+
(
γ˜(s), U˜
)
is an open neighbourhood of (0, . . . , 0) for every s ∈ (−ε0, 0). Thus, there exists a future
directed timelike curve from γ˜(s) to (ϕ˜◦ι◦τ)([−1, 0)) for all s ∈ (−ε0, 0). By the first point of Remark
2.5 these timelike curves lie completely in ι(Mmax). It is easy now to conclude that γ must also leave
through the interior6. From now on we can forget about τ – we will only work with γ now. The rest
of the proof proceeds in three steps.
Step 1: We show that there exists a µ > 0 such that
1. ι
(
I+
(
γ(−µ),Mint
)) ⊆ ϕ˜−1({(x0, x) ∈ (ε0, ε0)× (−ε1, ε1)d | x0 < f(x)})
2. (−ε0,− 4950ε0)× (−ε1, ε1)d ⊆ I−
(
(ϕ˜ ◦ γ˜)(−µ), (−ε0, ε0)× (−ε1, ε1)d
)
.
Step 1.1 As in the proof of Proposition 2.2 we can without loss of generality assume that 0 < ε1 <
1
2ε0. We now choose x
+ := (x+0 , 0, . . . , 0), 0 < x
+
0 < ε0, and x
− := (x−0 , 0, . . . , 0), −ε0 < x−0 < 0 such
that the closure of
(
x+ +C−5/6
)∩(x−+C+5/6) in Rε0,ε1 is compact. Now choose y− := (y−0 , 0, . . . , 0) with
− 15ε0 < y−0 < 0 so that the closure of C−5/8 ∩
(
y−+C+5/8
)
in Rε0,ε1 is contained in x
+ +C−6/7 ∩x−+C+6/7.
Moreover, since we have − 15ε0 < y−0 and 0 < ε1 < 12ε0 it follows that
(−ε0,−49
50
ε0)× (−ε1, ε1)d ⊆ I−
(
y−, Rε0,ε1
)
. (4.4)
We claim that for all y−0 < s < 0 we have
ϕ˜−1
(
I−
(
(s, 0, . . . , 0), Rε0,ε1
) ∩ I+(y−, Rε0,ε1)) = ι(I−(γ(s),Mint) ∩ I+(γ(y−0 ),Mint)) . (4.5)
The inclusion “⊆ ” follows from the first point of Remark 2.5, since if σ is a past directed timelike
curve in Rε0,ε1 from (s, 0, . . . , 0) to y
−, then the first point of Remark 2.5 states that ϕ˜−1 ◦ σ is
contained in ι(Mint).
6Indeed, through the same point of the conformal boundary as given by the Penrose conformal compactification.
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(−ε0, ε0)× (−ε1, ε1)d
x0
x
y−
x−
x+
x+ + C−5/6
x+ + C−6/7
x− + C+5/6
x− + C+6/7
C−5/8 ∩
(
y− + C+5/8
)
Figure 3: The set-up of Step 1.1
To prove “⊇ ”, let σ : [y−0 , s] → Mint be a future directed timelike curve from γ(y−0 ) to γ(s).
By Proposition 3.6, there exists a timelike homotopy Γ : [0, 1] × [y−0 , s] → Mint with fixed endpoints
between γ|[y−0 ,s] and σ. It follows that ι ◦ Γ : [0, 1] × [y
−
0 , s] → M˜ is a timelike homotopy with fixed
endpoints in M˜ . We need to show that (ι ◦ σ)(·) = (ι ◦ Γ)(1, ·) maps into U˜ . We argue by continuity,
i.e., we show that the interval J := {t ∈ [0, 1] | ι ◦ Γ(t, [y−0 , s]) ⊆ U˜} is non-empty, open and closed in
[0, 1].
Clearly, we have 0 ∈ J , since ι ◦ Γ(0, ·) = γ˜|[y−0 ,s]. The openness follows from the openness of U˜ ,
and the closedness follows since I−
(
γ˜(s), U˜
) ∩ I+(γ˜(y−0 ), U˜) is precompact in U˜ , i.e., in particular its
closure in M˜ is contained in U˜ . This finishes the proof of (4.5).
Moreover, it is easy to see7 that the following holds
I−
(
0, Rε0,ε1
) ∩ I+(y−, Rε0,ε1) = ⋃
y−0 <s<0
(
I−
(
(s, 0, . . . , 0), Rε0,ε1
)) ∩ I+(y−, Rε0,ε1) .
Together with (4.5) this now implies
ϕ˜−1
(
I−
(
0, Rε0,ε1
) ∩ I+(y−, Rε0,ε1)) = ι(( ⋃
y−0 <s<0
I−
(
γ(s),Mint
)) ∩ I+(γ(y−0 ),Mint)) . (4.6)
For the next step we recall from [4], Definition 2.14, that for a Lorentzian manifold (M, g) two sets
A,B ⊆ M are called timelike separated by a set K ⊆ M , iff every timelike curve connecting A and B
intersects K.
Step 1.2 In this step we switch back to the manifold (Mint, gint). Choose a y
+
0 with y
−
0 < y
+
0 < 0
7See also [4], Proposition 2.7
9
and define
K :=
[( ⋃
y−0 <s<0
I−
(
γ(s),Mint
)) ∩ I+(γ(y−0 ),Mint)] \ I+(γ(y+0 ),Mint) . (4.7)
Step 1.2.1 We show that the set K timelike separates the set γ
(
(y+0 , 0)
)
from I−
(
γ(y−0 ),Mint
)
.
So let σ : [0, 1] → Mint be a past directed timelike curve with σ(0) ∈ γ
(
(y+0 , 0)
)
and σ(1) ∈
I−
(
γ(y−0 ),Mint
)
.
K γ
σ
I−
(
γ(y−0 ),Mint
)
γ(y+0 )
γ(y−0 )
{r = 0}
Figure 4: For the proof of Step 1.2.1
We claim that there exists a ∆− ∈ (0, 1) such that
σ−1
[
I+
(
γ(y−0 ),Mint
)]
= [0,∆−) .
This is seen as follows: To begin with, it is clear that 0 ∈ σ−1[I+(γ(y−0 ),Mint)]. Moreover, by the
continuity of σ and the openness of I+
(
γ(y−0 ),Mint
)
, we know that σ−1
[
I+
(
γ(y−0 ),Mint
)]
is open in
[0, 1]. Moreover, since σ is a past directed timelike curve, it follows that if s0 ∈ σ−1
[
I+
(
γ(y−0 ),Mint
)]
,
then we also have [0, s0] ∈ σ−1
[
I+
(
γ(y−0 ),Mint
)]
. And finally, since (Mint, gint) satisfies the chronology
condition, there are no closed timelike curves in Mint, and hence I
−(γ(y−0 ),Mint) is disjoint from
I+
(
γ(y−0 ),Mint
)
. This implies that ∆− < 1.
In the same way we deduce that there exists a ∆+ ∈ (0, 1) such that
σ−1
[
I+
(
γ(y+0 ),Mint
)]
= [0,∆+) .
In the following we show that ∆+ < ∆−.
Since (Mint, gint) is globally hyperbolic and gint is smooth (!), we have I+
(
γ(y+0 ),Mint
)
= J+
(
γ(y+0 ),Mint
)
.8
Together with γ(y+0 ) ∈ I+
(
γ(y−0 ),Mint
)
, we now obtain9
I+
(
γ(y+0 ),Mint
)
= J+
(
γ(y+0 ),Mint
) ⊆ J+(I+(γ(y−0 ),Mint),Mint) = I+(γ(y−0 ),Mint) .
Hence, we have σ(∆+) ∈ I+
(
γ(y−0 ),Mint
)
, from which it follows that ∆+ < ∆−.
Choosing s0 ∈ (∆+,∆−), it follows that σ(s0) ∈ I+
(
γ(y−0 ),Mint
) \ I+(γ(y+0 ),Mint). Moreover, it
is clear that σ(s0) ∈
⋃
−ε<s<0 I
−(γ(s),Mint), which concludes Step 1.2.1.
Step 1.2.2 We show that K is compact.
We claim that for any s0 ∈ (y+0 , 0) there exists a δ > 0 and a neighbourhood V of id ∈ SO(d) such
that (
γt(s)− δ, γt(s) + δ
)× {γr(s)}× {f · γω(s) | f ∈ V } ⊆ I+(γ(y+0 ),Mint)
8This follows from 6. Lemma and 22. Lemma of Chapter 14 of [3]. Here J+
(
γ(y+0 ),Mint
)
denotes the causal future
of γ(y+0 ) in Mint, see also Chapter 14 of [3].
9See 1. Corollary in Chapter 14 of [3].
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holds for all s ∈ (s0, 0).
In order to prove this claim, we first note that since γ is timelike and gint is continuous, there exists
a µ > 0 such that
gint
(
γ˙(s), γ˙(s)
)
< −µ (4.8)
holds for all s ∈ [y+0 , s0].
Let now λ ∈ C∞([y+0 , s0],R) and h ∈ C∞([y+0 , s0], SO(d) ⊆ Mat(d × d,R)), and define σ :
[y+0 , s0]→Mint by
σ(s) :=
(
γt(s) + λ(s), γr(s), h(s)
(
γω(s)
))
.
We compute
gint
(
σ˙, σ˙
)
= −
(
1− 2m(
γr(s)
)d−2) (γ˙t(s) + λ˙(s))2 + (1− 2m(
γr(s)
)d−2)−1 (γ˙r(s))2
+
(
γr(s)
)2 ∣∣∣∣h˙(s)γω(s) + h(s)γ˙ω(s)∣∣∣∣2Rd ,
(4.9)
where || · ||Rd denotes the Euclidean norm on Rd, and we think of γω as mapping into Sd−1 ⊆ Rd. Since
γr(s) is bounded away from 0 for s ∈ [y+0 , s0], we can infer from (4.8) and (4.9) that there exists an
η > 0 such that whenever
||λ˙||
L∞
(
[y+0 ,s0]
) + ||h˙||
L∞
(
[y+0 ,s0]
) < η (4.10)
holds, the curve σ : [y+0 , s0] → Mint is timelike10. This in turn implies the existence of a δ > 0 and
a neighbourhood V of id ∈ SO(d) such that for every λs0 ∈ (−δ, δ) and for every hs0 ∈ V there are
smooth functions
λ ∈ C∞([y+0 , s0],R) with λ(y+0 ) = 0 and λ(s0) = λs0
and
h ∈ C∞([y+0 , s0], SO(d) ⊆ Mat(d× d,R)) with h(y+0 ) = id and h(s0) = hs0
such that moreover (4.10) is satisfied. The claim now follows from concatenating σ with the timelike11
curve τ : [s0, 0)→Mint given by
τ(s) =
(
γt(s) + λs0 , γr(s), hs0
(
γω(s)
))
.
We now fix s0 ∈ (y+0 , 0) and obtain δ > 0 and a neighbourhood V ⊆ SO(d) of id ∈ SO(d) as in the
claim. It follows from Lemma 3.4 that there exists s1 ∈ (s0, 0) (close to 0) such that
I−
(
γ(s),Mint
) ∩ {r ≤ γr(s1)} ⊆ ⋃
s0≤s′<0
[(
γt(s
′)− δ, γt(s′) + δ
)× {γr(s′)}× {f · γω(s′) | f ∈ V }]
⊆ I+(γ(y+0 ),Mint)
holds for all s ∈ (−ε0, 0). This implies
K ⊆ R× (γr(s1), γr(y−0 ))× Sd−1 .
Moreover, the bound (3.5) implies that there are t0, t1 ∈ R such that
I+
(
γ(y−0 ),Mint
) ⊆ (t0, t1)× (0, γr(y−0 ))× Sd−1 .
10One can for example define ||h˙||
L∞
(
[y+0 ,s0]
) := sup
s∈[y+0 ,s0]
||h˙(s)||Rd×d .
11Recall that the Schwarzschild metric gint = −(1− 2mrd−2 ) dt2 + (1−
2m
rd−2 )
−1 dr2 + r2γ˚d−1 is spherically symmetric
and invariant under translations in t.
11
It follows that
K ⊆ (t0, t1)×
(
γr(s1), γr(y
−
0 )
)× Sd−1 ,
which implies that K is compact.
Step 1.3 First note that it follows from the definition ofK, (4.7), thatK ⊆
(⋃
−ε0<s<0 I
−(γ(s),Mint))∩
I+
(
γ(y−0 ),Mint
)
, and thus, together with (4.6), we obtain
ϕ˜
(
ι(K)
) ⊆ I−(0, Rε0,ε1) ∩ I+(y−, Rε0,ε1) .
By the choice of y− ∈ Rε0,ε1 in Step 1.1, together with (4.3), it follows that
ϕ˜
(
ι(K)
) ⊆ (x+ + C−6/7) ∩ (x− + C+6/7) . (4.11)
Moreover, the continuity of ϕ˜ and ι implies12
ϕ˜
(
ι(K)
) ⊆ ϕ˜(ι(K)) . (4.12)
Hence, from (4.12) and (4.11), it follows that
W := (ϕ˜ ◦ ι)−1
([
x+ + C−6/7
] ∩ [x− + C+6/7]) ⊆Mint
is an open neighbourhood of K ⊆Mint.
Step 1.4 We show that there exists a µ > 0 such that I+
(
γ(−µ),Mint
)
is timelike separated from
γ(x−0 ) by W .
We consider Mint = R×
(
0, (2m)
1
d−2
)×Sd−1 with the metric dMint : Mint×Mint → [0,∞) given by
dMint
(
(t1, r1, ω1), (t2, r2, ω2)
)
:= |t1 − t2|+ |r1 − r2|+ dSd−1
(
ω1, ω2
)
,
where (ti, ri, ωi) ∈Mint for i = 1, 2. Since
Mint 3 (t, r, ω) 7→ dMint
(
(t, r, ω),Mint \W
)
= inf
(t′,r′,ω′)∈Mint\W
dMint
(
(t, r, ω), (t′, r′, ω′)
)
is continuous, andK is compact and disjoint from the closed setMint\W , we infer that dMint(·,Mint\W )
must attain its minimum on K, which is moreover strictly positive. It follows that there exists a δ > 0
such that
Kδ :=
{
(t, r, ω) ∈Mint
∣∣ dMint((t, r, ω),K) < δ} ⊆W .
Moreover, by choosing δ slightly smaller if necessary, we can also assume that
Bδ
(
γ(x−0 )
) ⊆ I−(γ(y−0 ),Mint) . (4.13)
Step 1.4.1 We define a metric dSO(d) : SO(d)× SO(d)→ [0,∞) on SO(d) by
dSO(d)(f, h) := sup
ω∈Sd−1
dSd−1
(
f(ω), h(ω)
)
,
where f, h ∈ SO(d), and denote with Bη(id) ⊆ SO(d) the ball of radius η > 0, centred at id, with
respect to this metric. Moreover, it is easy to see that
for ω0, ω1 ∈ Sd−1 with dSd−1(ω0, ω1) < η, there exists an h ∈ Bη(id) with h(ω0) = ω1 . (4.14)
12Indeed, since K ⊆Mint is compact, we actually have equality.
12
In particular, h can be defined as a rotation purely in the plane span{ω0, ω1} ⊆ Rd.
Continuing the proof of Step 1.4, Lemma 3.4 implies that there exists a µ ∈ (0,−y+0 ) such that for
all (t0, r0, ω0) ∈ I+
(
γ(−µ),Mint
)
, we have
|t0 − γt(−µ)| < δ
2
and dSd−1
(
ω0, γω(−µ)
)
<
δ
2
. (4.15)
In the following we will show that I+
(
γ(−µ),Mint
)
is timelike separated from γ(x−0 ) even by Kδ
(which, of course, implies Step 1.4).
So let σ : [0, 1] → Mint be a past directed timelike curve with σ(0) ∈ I+
(
γ(−µ),Mint
)
and
σ(1) = γ(x−0 ). Also let s0 ∈ (−µ, 0) be such that γr(s0) = σr(0). By (4.15) we have
|σt(0)− γt(s0)| < δ and dSd−1
(
σω(0), γω(s0)
)
< δ .
Thus, by (4.14) there exists an h ∈ Bδ(id) ⊆ SO(d) such that h
(
σω(0)
)
= γω(s0). It now follows that
the curve σˆ : [0, 1]→Mint, given by
σˆ(s) =
(
σt(s) + [γt(s0)− σt(0)], σr(s), h
(
σω(s)
))
,
is past directed timelike with σˆ(0) = γ(s0) and, using the fact that h ∈ Bδ(id) together with (4.13),
σˆ(1) ∈ I−(γ(y−0 ),Mint). By Step 1.2.1, there exists an sˆ ∈ [0, 1] with σˆ(sˆ) ∈ K. It now follows that
σ(sˆ) ∈ Kδ, which concludes Step 1.4.
We now finish the proof of Step 1. We first show that ι
(
I+(γ(−µ),Mint)
) ⊆ ϕ˜−1([x+ + C−6/7] ∩[
x− + C+6/7
])
.
The proof is by contradiction. So let σ : [0, 1] → Mint be a future directed timelike curve with
σ(0) = γ(−µ) and assume that there exists s˜ ∈ [0, 1] such that (ϕ˜◦ ι◦σ)(s˜) /∈ [x+ +C−6/7]∩[x−+C+6/7].
Let
s0 := sup
{
s′ ∈ [0, 1] | (ϕ˜ ◦ ι ◦ σ)(s) ∈ [x+ + C−6/7] ∩ [x− + C+6/7] for all s ∈ [0, s′)} .
Clearly, we have 0 < s0 ≤ 1 and from our assumption it follows that (ϕ˜ ◦ ι ◦ σ)(s0) ∈ ∂
([
x+ +
C−6/7
] ∩ [x− + C+6/7]). Since all vectors in C−5/6 are past directed timelike, we can find a past directed
timelike curve τ : [0, 1] → Rε0,ε1 with τ(0) = (ϕ˜ ◦ ι ◦ σ)(s0) and τ(1) = x−, which does not intersect[
x+ +C−6/7
]∩ [x−+C+6/7]. For example, this curve can be chosen to lie in ∂([x+ +C−6/7]∩ [x−+C+6/7]),
see Figure 5. The first point of Remark 2.5 implies that τ maps in ϕ˜
(
ι(Mint)∩ U˜
)
. Hence, (ϕ˜◦ ι)−1 ◦ τ
is a past directed timelike curve in Mint with
(
(ϕ˜ ◦ ι)−1 ◦ τ)(0) = σ(s0) ∈ I+(γ(−µ),Mint) and(
(ϕ˜ ◦ ι)−1 ◦ τ)(1) = γ(x−0 ), which does not intersect W = (ϕ˜ ◦ ι)−1([x+ + C−6/7] ∩ [x− + C+6/7]).
This, however, is a contradiction to Step 1.4. Hence, we have shown that ι
(
I+(γ(−µ),Mint)
) ⊆
ϕ˜−1
([
x+ +C−6/7
]∩ [x−+C+6/7]), which in particular implies the first point of Step 1. The second point
follows from (4.4) together with y−0 < y
+
0 < −µ < 0. This concludes the proof of Step 1.
Step 2: We show that Step 1 implies the following: There exists a constant 0 < Cd <∞ such that
for any Cauchy hypersurface Σ of Mint the distance in Σ of any two points in I
+
(
γ(−µ),Mint
) ∩ Σ is
bounded by Cd.
Explicitly, this means that for all p, q ∈ I+(γ(−µ),Mint) ∩ Σ we have
dΣ(p, q) := inf
γ:[0,1]→Σ piecewise smooth
γ(0)=p and γ(1)=q
{∫ 1
0
√
g
(
γ˙(s), γ˙(s)
)
ds
}
≤ Cd ,
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Figure 5: The proof of Step 1 – by contradiction
where g is the induced metric on Σ.
Let Σ be a Cauchy hypersurface of Mint and assume that γ(−µ) ∈ I−(Σ,Mint) – otherwise there
is nothing to show. For all x ∈ (−ε1, ε1)d the future directed timelike curves
σx :
(− ε0, f(x))→Mint , σx(s) = (ι−1 ◦ ϕ˜−1)(s, x)
are future inextendible inMint. Moreover, by the second point of Step 1 they start in I
−(γ(−µ),Mint) ⊆
I−(Σ,Mint). It now follows from Σ being a Cauchy hypersurface of Mint that for each x ∈ (−ε1, ε1)d the
curve σx intersect Σ exactly once - say at s = h(x). This defines a function h : (−ε1, ε1)d → (−ε0, ε0).
Step 2.1: We show that h : (−ε1, ε1)d → (−ε0, ε0) is smooth.
Let x0 ∈ (−ε1, ε1)d. Since ϕ˜
(
ι(Σ) ∩ U˜) is a smooth submanifold of Rε0,ε1 , there exists a smooth
submersion u : W → R, where W ⊆ Rε0,ε1 is an open neighbourhood of
(
h(x0), x0
)
, such that
ϕ˜
(
ι(Σ) ∩ U˜) ∩W = {u = 0}. Since Σ is a Cauchy hypersurface, the timelike vector field ∂0 can be
nowhere tangent to ϕ˜
(
ι(Σ) ∩ U˜). It thus follows that ∂0u|(
h(x0),x0
) 6= 0. By the implicit function
theorem, there is now a smooth function v : V → R, where V ⊆ (−ε1, ε1)d is an open neighbourhood
of x0, such that u
(
v(x), x
)
= 0. Thus, we must have h|V = v – and hence, h is smooth.
Step 2.2: We show that there exists a 0 < Cslope < ∞ such that |∂ih(x)| ≤ Cslope holds for all
x ∈ (−ε1, ε1)d and for all i = 1, . . . , d.
Since the tangent space of a Cauchy hypersurface does not contain timelike vectors, we obtain the
inequality
0 ≤ g˜
(
(∂ih)∂0 + ∂i, (∂ih)∂0 + ∂i
)
= (∂ih)
2g˜00 + 2(∂ih)g˜0i + g˜ii (4.16)
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for all i = 1, . . . , d. Equality in (4.16) holds for
(∂ih)± =
− g˜0i ∓
√
(g˜0i)2 − g˜iig˜00
g˜00
.
Recall that g˜00 < −1 + δ0 < 0 and |g˜µν | ≤ 1 + δ0. Hence, we obtain the uniform bound
max
{∣∣(∂ih)+∣∣ , ∣∣(∂ih)−∣∣} ≤ Cslope ,
where 0 < Cslope <∞ is a constant depending on δ0 (but not on h). Moreover, together with g˜00 < 0,
the inequality (4.16) implies
(∂ih)− ≤ (∂ih) ≤ (∂ih)+
and thus |∂ih| ≤ Cslope for all i = 1, . . . , d.
We now define ω : (−ε1, ε1)d → Rε0,ε1 by ω(x) =
(
h(x), x
)
. Clearly, ω parametrises a smooth
submanifold S˜ of Rε0,ε1 which, via ι
−1 ◦ ϕ˜−1, is isometric to an open subset S of Σ ⊆ Mint. The
ambient metric g˜ on Rε0,ε1 induces a metric g on S˜. Note that this metric is not necessarily positive
definite. Its components with respect to the chart ω−1 are denoted by gij , where i, j ∈ {1, . . . , d}.
Step 2.3: We show that there exists a constant 0 < Cg < ∞ such that the uniform bound
|gij(x)| ≤ Cg holds for all x ∈ (−ε1, ε1)d and for all i, j = 1, . . . , d.
We compute
gij =
(
ω∗g˜
)
ij
= g˜µν
∂ωµ
∂xi
∂ων
∂xj
= g˜00
∂h
∂xi
∂h
∂xj
+ g˜0j
∂h
∂xi
+ +g˜i0
∂h
∂xj
+ g˜ij .
It now follows from |g˜µν | ≤ 1 + δ0 and Step 2.2 that there exists a constant 0 < Cg < ∞ such that
|gij | ≤ Cg holds for all i, j = 1, . . . , d.
We can now finish Step 2. Let p, q ∈ I+(γ(−µ),Mint) ∩Σ be given. By property 1 of Step 1 there
exists x, y ∈ (−ε1, ε1)d with ω(x) = ϕ˜
(
ι(p)
)
and ω(y) = ϕ˜
(
ι(q)
)
. We connect the points x and y by a
straight line in (−ε1, ε1)d, i.e., by σ : [0, 1]→ (−ε1, ε1)d, where σ(s) = x+ s(y − x). It follows that
L(σ) =
∫ 1
0
√
g
(
σ˙(s), σ˙(s)
)
ds
=
∫ 1
0
√√√√( d∑
i,j=1
(y
i
− xi)gij
(
σ(s)
)
(y
j
− xj)
)
ds
≤
∫ 1
0
√√√√( d∑
i,j=1
√
dε1 · Cg ·
√
dε1
)
ds
= ε1d
3/2
√
Cg .
Note that this bound does not depend on the points x, y ∈ (−ε1, ε1)d. It follows that ι−1 ◦ ϕ˜−1 ◦ω ◦ σ
is a smooth curve in Σ that connects p and q and the length of which is less or equal to ε1d
3/2
√
Cg.
Since
dΣ(p, q) = inf
γ:[0,1]→Σ piecewise smooth
γ(0)=p and γ(1)=q
{∫ 1
0
√
g
(
γ˙(s), γ˙(s)
)
ds
}
≤ inf
γ:[0,1]→S piecewise smooth
γ(0)=p and γ(1)=q
{∫ 1
0
√
g
(
γ˙(s), γ˙(s)
)
ds
}
≤ ε1d3/2
√
Cg ,
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this concludes Step 2 with Cd = ε1d
3/2
√
Cg.
Step 3: We show that the result of Step 2 is in contradiction with the geometry of (Mint, gint).
Let ω0 be the projection of γ(−µ2 ) to Sd−1, t0 := t
(
γ(−µ2 )
)
, and r0 := r
(
γ(−µ2 )
)
. By the openness
of I+
(
γ(−µ),Mint
)
there exists a λ > 0 such that (t0 − λ, t0 + λ)× r0 × ω0 ⊆ I+
(
γ(−µ),Mint
)
. Since
−∂r is future directed timelike, we also have
[t0 − λ, t0 + λ]× (0, r0)× ω0 ⊆ I+
(
γ(−µ),Mint
)
.
Next, we consider the family of Cauchy hypersurfaces Σn := {r = 1n}, where n ∈ N>n0 for some large
n0 ∈ N, together with the family of pairs of points
pn := (t0 − λ, 1
n
, ω0) ∈ I+
(
γ(−µ),Mint
)
and qn := (t0 + λ,
1
n
, ω0) ∈ I+
(
γ(−µ),Mint
)
.
The induced metric gn on Σn is given by
gn = −
(
1− 2m · n(d−2)) dt2 + n−2 γ˚d−1 .
It is easy to see that the shortest curve connecting pn with qn in Σn is given by γn : (−λ, λ)→ Σn,
γn(s) = (t0 + s,
1
n
, ω0) .
The length L(γn) of γn is given by
L(γn) =
∫ λ
−λ
√
gn
(
γ˙n(s), γ˙n(s)
)
ds
=
∫ λ
−λ
√
2m · n(d−2) − 1 ds
= 2λ
√
2m · n(d−2) − 1 .
Since d ≥ 3, it thus follows that
dΣn(pn, qn) = 2λ
√
2m · n(d−2) − 1→∞ for n→∞ ,
in contradiction to Step 2. This concludes the proof of Theorem 1.1.
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